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Abstrat
We introdue a general, simple, and eetive method of evaluating the zero-point
energy of a quantum eld under the inuene of arbitrary boundary onditions
imposed on the eld on at surfaes perpendiular to a hosen spatial diretion. As
an example we apply the method to the Casimir eet assoiated with a massive
fermion eld on whih MIT bag model type of boundary onditions are imposed.
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1 Introdution
The marosopially observable vauum energy shift assoiated with a quantum eld
is the regularised dierene between the vauum expetation value of the orresponding
hamiltonian with and without the external onditions demanded by the partiular physial
situation at hand. At the one-loop level, when the external onditions are represented by
boundary onditions this leads to the usual Casimir eet [1℄  see Ref.[2℄ for an updated
review on the theoretial and experimental aspets of this remarkable eet.
In the ontext of the Casimir eet, some ongurations whih depend on the type
of quantum eld, type of spaetime manifold and its dimensionality, spei boundary
ondition imposed on the quantum eld on ertain surfaes, lead to relatively simple
spetra, others lead to more omplex ones. The heart of the matter here is the evaluation
of the spetral sum that results from denition of the Casimir energy. This evaluation
requires regularization and renormalization, and reipes for aomplishing this range from
the relatively simple uto method employed by Casimir himself [1℄ to the powerful and
elegant generalised zeta funtion tehniques [4℄. Here, in the spirit of the representation
of a spetral sum as a ontour integral [5℄, we introdue a simple and eetive way of
evaluating the one-loop vauum energy under external onditions based on well-known
theorems of omplex analysis, namely, the Cauhy integral formula and the Mittag-Leer
expansion theorem in one of its simplest versions. The method we present here is of
suient generality so as to be suessfully applied to a variety of ases. In this letter,
however, we will limit ourselves to the example of a massive fermioni eld under MIT
boundary onditions and at surfae geometry, see Ref.[6℄ and referenes therein. The
massless ase was rst alulated by Johnson [6℄ and as far as the present authors are
aware of there is only one evaluation of this example of a massive fermioni Casimir energy
due to Mamaev and Trunov [7℄. This evaluation is only briey skethed by these authors,
therefore it seems interesting to test the method by providing an alternative derivation of
this result.
2 The unregularised Casimir energy and a simple sum
formula
Consider a quantum eld in a 3+1 dimensional at spaetime under boundary onditions
onstraining the motion along one of the spatial diretions, say, the OX 3-axis. At the one
loop-level the (unregularised) Casimir energy will be given by
E = α
h¯cL2
2
∫ ∑
n
d2p⊥
(2π)2
Ωn, (1)
2
where α is a dimensionless fator that depends on the internal degrees of freedom of the
quantum eld under onsideration, p⊥ =
√
p21 + p
2
2, and
Ωn :=
√
p2⊥ +
λ2n
ℓ2
+m2, (2)
where λ is the n-th real root of the transendental equation determined by the boundary
onditions, ℓ is a hararateristi length along the OX 3 diretion, and m is the mass of an
exitation of the quantum eld. A simple integral representation of
∑
nΩn an be written
if we make use of Cauhy integral formula. In fat, it is easily seen that
∑
n
Ωn = −
∮
Γ
dq
2π
∑
n
2q2
q2 + Ω2n
, (3)
where in priniple Γ is a Jordan urve on the q-omplex plane with ℑq > 0 onsisting in
a semiirle of innitely large radius whose diameter is the entire real axis. Taking (3)
into (1) we obtain
E = −α
h¯cL2
2
∫
d2p⊥
(2π)2
∮
Γ
dq
2π
∑
n
2q2
q2 + Ω2n
. (4)
In order to proeed we must be able to perform (at least formally) the disrete sum in
(4).
Consider a omplex funtion G(z) of a single omplex variable z, symmetrial on the
real axis suh that its roots are simple, non-zero and symmetrial with respet to the
origen of the omplex plane. The assumption that the origen is not a root of G(z) is not
a restritive one beause if z = 0 happens to be a root of G(z) we an always divide G(z)
by some onvenient power of z in order to eliminate zero from the set of the roots without
introduing a new singularity. Let us order and ount the roots of G(z) in suh a way
that
λn = −λ−n, n ∈ Z − {0}. (5)
Now dene the following funtion
J(z) :=
∑
n∈Z−{0}
1
z − iλn
. (6)
The following properties of J(z) are self-evident: (i) J(z) has rst order poles whih are
determined by the roots of G(iz): (ii) the residua are all equal to unity. Taking into
aount property (5) we see that J(z) an be rewritten in the form
J(z) =
1
2

 ∑
n∈Z−{0}
1
z − iλn
+
∑
n∈Z−{0}
1
z + iλn


=
∑
n∈N
2z
z2 + λ2n
, (7)
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where Z denotes the set of integers and N the set of the natural integers. Let us onsider
now the funtion K(z) := G(iz) and state the following equality
J(z) =
K ′(z)
K(z)
, (8)
where the prime stands for the derivative with respet to z. In fat, the funtion
K ′(z)/K(z) has the same simple poles as the originally dened J(z) and the same residua,
hene we an invoke the Mittag-Leer theorem and state that (8) is true. It follows then
that we an write
K ′(z)
K(z)
=
d
dz
logK(z) =
∑
n∈N
2z
z2 + λ2n
. (9)
In order to make use of (9) we rst link the dimensionless omplex variable z to the
auxiliary omplex momentum variable q through the relation
q2 + Ω2n =
z2 + λ2n
ℓ2
(10)
hene
z = ℓ
√
q2 + p2⊥ +m
2, (11)
and we an write ∑
n
2q2
q2 + Ω2n
=
ℓq2
z
∑
n
2z
z2 + λ2n
. (12)
Upon hanging variables (d/dz = (z/ℓq)d/dq), we obtain for the unregularised Casimir
energy the following expression
E = −α
h¯cL2
2
∫ d2 p⊥
(2π)2
∮
Γ
dq
2π
q
d
dq
logK(z), (13)
whih an be integrated by parts to yield
E = −α
h¯cL2
2
∫
d2 p⊥
(2π)2
∫
Γ
dq
2π
d
dq
[q logK(z)]
+ α
h¯cL2
2
∫
d2 p⊥
(2π)2
∫
Γ
dq
2π
logK(z). (14)
Notie that the integration is now performed on an open urve whih lies on the Riemann
surfae of the integrand the projetion of whih on the q-omplex plane is the urve Γ.
The rst term on the R.H.S of (14) ontributes with a phase whih anels out with a
phase oming from the seond term sine the nal result is real. Hene, if we keep this in
4
mind the rst term an be put aside and the unregularised Casimir energy will be given
by
E = α
h¯cL2
2
∫
d2 p⊥
(2π)2
∫
Γ
dq
2π
logK(z). (15)
Equation (15) is our main result. It is easily seen that it holds for arbitrary boundary
onditions imposed on the eld on at surfaes perpendiular to the OX 3 axis. It also
holds when the OX 3 diretion is ompatied by the imposition of topologial onditions,
periodi or antiperiodi, on the eld along that diretion.
3 The massive fermion eld under MIT boundary on-
ditions
As an example of the usefulness of (15) let us apply it to a massive fermion eld under
MIT boundary onditions imposed on eld on the surfae of an hypothetial bag onsisting
of two parallel square membranes perpendiular to the OX 3 axis whose side a is muh
larger than ℓ, the distane between them. It an be shown that for this bag model the
eigenvalues of p3 are determined by the roots of the funtion F (z ≡ p3ℓ) dened by [7℄
F (p3ℓ) = µ sin(p3ℓ) + p3ℓ cos(p3ℓ), (16)
where µ := mℓ. Therefore we an hoose G(z) as
G(z) = µ
sin z
z
+ cos z (17)
where we have divided F (z) by z beause z = 0 is a root of F (z). We an easily prove
that the roots of G(z) are all real. Now we onstrut K(z) aording to
K(z) = G(iz) = µ
sinh z
z
+ cosh z. (18)
Taking into aount that for a fermioni quantum eld in 3 + 1 dimensions α = −4, the
vauum energy is
E = −2h¯cL2
∫ d2p⊥
(2π)2
∫
Γ
dq ln
[
1
2
(
µ
z
+ 1
)
ez
]
− 2h¯cL2
∫
d2p⊥
(2π)2
∫
Γ
dq ln
[
1 +
z − µ
z + µ
ez
]
, (19)
where z is dened by (11). It is lear that the rst term on the R.H.S of (19) is divergent,
however, we an easily see also that this term is spurious in the sense that it arries a
5
ontribution that does not depend on ℓ, is proportional to L2 and represents the self-
energy of the bag, plus another ontribution proportional to the volume L2ℓ of the bag
representing a onstant energy density present even if the bag were not there. Hene, we
will subtrat this term from (19) and write the regularised ontribution as
E(reg) = −2h¯cL2
∫
d3p
(2π)3
ln
[
1 +
z − µ
z + µ
e−2z
]
= −
h¯cL2
π2
∫ ∞
0
dp p2 ln
[
1 +
z − µ
z + µ
e−2z
]
. (20)
Upon hanging variables again the regularised Casimir energy an be rewritten as
E(reg) = −
h¯cL2
π2ℓ3
∫ ∞
µ
dz z
√
z2 − µ2 ln
[
1 +
z − µ
z + µ
e−2z
]
, (21)
where now we have written z2 = ℓ2(p2+m2) with p2 = q2+p2⊥. This result is in agreement
with the result obtained in [7℄. For the ase of massless fermions we obtain
E(reg) = −
h¯cL2
π2ℓ3
∫ ∞
0
dz z3 ln
[
1 + e−2z
]
= −
7π2h¯cL2
2880ℓ3
, (22)
whih is the result obtained in [6℄. Starting from (22) it is a straightforward matter to
obtain the limits of the Casimir energy in the limits µ→ 0 and µ≫ 1, see [7℄.
4 Conlusions
In this letter we have derived a general expression, equation (15), for the evaluation of
the Casimir energy of a quantum eld in a at manifold under the inuene of boundary
onditions imposed on the eld on at surfaes or topologial onditions onstraining
the motion along a partiular spatial diretion. The present authors veried expliitly
that equation (15) works well in several instanes, in partiular, for Robin boundary
onditions results agree with those obtained by Romeo and Saharian [8℄. This method
an be extended and applied to ylindrial and spherial geometries embedded in d +
1 dimensional spaetimes. Here we have hosen the massive fermion eld under MIT
boundary onditions as an example and were able to rederive its assoiated vaumm
energy in a lear ut way. Presently, this approah is being extended to more omplex
Casimir type problems.
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